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The effect of vacuum polarization on the parity violating asymmetry in the elastic electron-nucleus 
scattering is considered. Calculations are performed in the high-energy approximation with an exact 
account for the electric field of the nucleus. It is shown that the radiative correction to the parity 
violating asymmetry is logarithmically enhanced and the value of the correction is about -1%. 
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_ ' Experimental investigations of the proton p p (r) and neutron p n (r) densities in heavy nuclei are very important for 
testing of various nuclear models. The densities are also important for many applications like, for example, precise 
' calculations of atomic parity nonconservation. While the charge distribution (proton density) is known pretty well 
mainly due to data on the elastic electron scattering, the determination of the neutron density with a good accuracy 
is a very complicated problem Q . It was suggested by Donnelly et al to use parity violation (P V) in the electron- 
nucleus scattering to determine the neutron distribution. The idea behind this suggestion is that the mediator of the 
H ' weak interaction, Z-boson, interacts mainly with neutrons. The parity violating asymmetry is defined as 
> '. 

a d<T + /dQ — d<T_/dfl 

■ PV ~ da+/dn + da-/dn ' ( ' 

where da + /dQ and da-/dfl are cross sections for scattering of right-handed and left-handed electrons, respectively. 



The asymmetry can be measured experimentally and in order to determine the neutron distribution one needs to 
calculate the asymmetry at a given distribution. The scattering potential is of the form 



^| V(r) = V c (r)+ l5 A(r), A(r) = ^=g w (r) . (2) 

^"'j Here Vc{r) is the Coulomb potential of the nucleus, Gf — 1.16639 x 10~ 5 GeV~ 2 is the Fermi constant, 75 is the 
4^ Dirac matrix, and gw if) is the density of the weak charge 



g w (r) = -Ng n (r) + (1 - 4 sin 2 9 w )Zg p {r) , (3) 



where Qw is the Weinberg angle (sin 2 Qw ~ 0.23), N and Z are numbers of protons and neutrons, respectively. The 
densities are normalized as J drg p ^ n (r) = 1. In this work we consider a high energy scattering, so the electron mass 
can be neglected compared to energy. In this limit the cross sections da + /dfl and da-/dQ correspond to scattering in 
potentials V~c{r) + A(r) and Vc(r) — A(r), respectively. The PV asymmetry is due to interference between the Coulomb 
amplitude and the amplitude caused by the axial potential A(r). Since neutrons dominate in the weak-charge density 
6wi r ) ©1 the asymmetry Apv is very sensitive to the shape ofp n (r). Though the value of Apy is very small and 
its measurement is a very complex problem, there is a proposal [3j for the corresponding experiment. 

Detailed theoretical investigation of the asymmetry Apy has been performed by Horowits 4] , Vretenar et al 5] , and 
by Horowits et al [||. It has been shown that Apy is very sensitive to the small difference between g p (r) and g n (r)- It 
has been also shown that the Coulomb distortions of the electron wave functions significantly modify the asymmetry 
as compared to that obtained in the plane-wave approximation. In this case radiative corrections can be enhanced. 
The corrections have not been considered before. In the present work we calculate the vacuumpolarization radiative 
correction to Apy- We found that similar to radiative corrections to atomic parity violation 0,13 the correction we 
consider here is logarithmically enhanced. The logarithm is ln(Ac/Vo) j where r$ « 1.5 Z 1 ^ fm is the nuclear radius 
and Ac is the electron Compton wavelength. 
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It is well known that in the leading Za approximation (a = 1/137 is the fine-structure constant), the vacuum 
polarization results in the Uehling potential |£g. At r <C r <C Ac, this potential is of the form V(r) ~ 2Za 2 [ln(r / Xc) + 
C + 5/6]/(37rr), where C « 0.577 is the Euler constant. Account of corrections higher in Za leads to a modification of 
the constant: C — > C + 0.092Z 2 a 2 + see Ref. [ljj. This correction is small and can be neglected even for Za ~ 1. 
For our purpose it is necessary to calculate the vacuum polarization potential at r ~ tq where the presented above 
simple logarithmic approximation is not sufficient. Nevertheless the conclusion about smallness of the Za-corrections 
to the Uehling potential remains valid at r ~ ro and hence we will use the Uehling potential in our calculations. In 
Refs. |4j, |5j, |6| , the scattering amplitude has been obtained as a result of summation over partial waves. We do not 
use a partial wave analysis, instead we use the high-energy small-angle approximation. The scattering amplitude in 
this approximation reads 



/ 



zip f 

~2tt / ^^H^K^pHxWI-i} . 



X(p)= dzV{r) , r=y/z 2 +p 2 , (4) 



where q = pi — Pi is the momentum transfer, z-axis is directed along the vector p = (pa + Pi)/2 , and p is a 
two-dimensional vector orthogonal to p. Here p\ and P2 is the initial and the final electron momentum, respectively. 
Validity of Eq. J3J has been discussed in numerous works, see book an d references therein. At first, this formula 
has been derived using wave functions in the eikonal approximation. Then, Olsen et al |l2j | have demonstrated that 
the range of validity is wider: the semiclassical approximation is sufficient to justify Eq. even if the eikonal 
approximation is not valid. Corrections to Eq. are considered in Ref. ^3|j see a l so Ref- |14|. For high-energy 
small- angle scattering the semiclassical approximation and hence formula Q is well justified and we will use it. From 
Eqs. JIJ and Q, we obtain 

, MJcfw\ 

J\PV = ^ T 

l/cl 2 

fc = -^j: / d P ex PH<?P] {expHxc(p)] - 1} 

fw = J d P exp[-iqp- ixcifi)] J dzg w {r) 

Xc(p) = / dzV c (r), (5) 



To simplify further numerical integrations, it is convenient to express xc(p) m terms of g p 
X (p) = 2Za<l>(p), 

r 



$(p) = ln(p/L) + 4ir drrg p (r) 



p 



,2 



(6) 



Here L 3> ro is an arbitrary constant, the cross sections and the asymmetry are independent of the constant. The 
function $(p) has the following properties: 

_ / 4tt drr 2 g p (r)ln{2r/L) - 1 , at p -> 



Jo mw; a t ;»;;. p ' w 

Taking in Eq. (JSJ the integral over the angle of the vector p and using Eq. we obtain 

fc = ^ | 4 . r dppMqP )e M -2iZ*Hp)] f ^4 
9 [ Jo J P v r - P 

-* z <*j J Jo(qp)eM~^Za<S>(p)}$ 2 (p)^ , 

, P G F [°° r o-v m r drrg w (r) 

fw = j=- dppJ {qp)exp[-2iZa<Z>(p)\ (8) 

V 2 Jo Jp V r _ P 



where 



$(p) = P ^q^ = 1 - 4tt y drrg p (r)^f 



r 2 — p 2 . 
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and Jq(x) is the Bessel function. Amplitudes in form © are very convenient for numerical integration due to 
fast convergence of the integrals. In the Born approximation (plane wave approximation) the amplitudes and the 
asymmetry are 



2Zap 



F P (q) 



fB 

JC — 2 

T 

a b q 2 G F F w (q) 



JW 



pG F F w (q) 
4tta/2 ' 
q 2 G F \ NF n {q) 
_ZF p (q) 



4sin^6> 



w 



(9) 



Here F p (q) , F n (q) , and F\y(q) are Fourier transforms (form factors) of corresponding densities. If neutron and 
proton distributions coincide, Qui?) = g P (r), then the Born approximation asymmetry @ is given by 



•An 



G F g 2 
4ttV2< 



a 



N 
~Z 



4 sin 2 9 



(10) 



We will use this asymmetry as a reference point. Figure^shows dependence of the ratio Apv/Aq on the momentum 
transfer q for Pb (Z=82) at g n (r) = g p (r) (solid curve) and at g n (r) — 0.95 3 g p (0.95r) (dashed curve). For g p (r) we 
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FIG. 1: Dependence of the ratio Apv / Ao for Pb (Z=82) on the momentum transfer q. The solid line corresponds to Q n (r) = 
Q P (r) and the dashed line corresponds to Q n (r) = X Q p (Xr) with A = 0.95. The reference Born approximation asymmetry Ao is 
given by Eq. 

use the three parameter Fermi charge density 0: 

1 + w(r/r ) 2 



go 



1 



ro = 6.4 fm , 



exp[(r - r )/a] 
a = 0.54 fm, w 



0.32, g = 6.95 x 10" 4 fm" 



(11) 



Plots in Fig. ^are in excellent agreement with results of the partial wave analysis 4|. The figure clearly demonstrates 
high sensitivity to the difference between g n {r) and g p {r) as well as importance of the Coulomb distortion. The 
distortion is especially important at small q. At q <^ 1/V the Coulomb and the weak amplitudes are of the form 



fc = 



2Zap ( qL 



fw — — 



r \ 2 

pG F 
V2 



2iZc 



T(l - iZa) 



T(l + iZa) ' 
dpp exp[-2iZa$(p)] 



dr r Qw{f) 
\/t 2 - p 2 



(12) 
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So at q — > the weak amplitude fw is independent of q while phase of the Coulomb amplitude fc strongly depends 
on q. This explains oscillations of Apy at q — ► 0. 

Let us consider now influence of vacuum polarization on the parity violating asymmetry. The charge density g vp (r) 
induced by polarization of the electron-positron vacuum and expressed in units of the elementary charge |e| is of the 
form, see e.g. the review paper |l5j 



Qv P (r) = 
Qp(r) 



Za 
3^T 



(It 



1 (r+1/2) 



dR 



cxp(— 2mi/r \r - R\ 



g p (R) 



(13) 



it j \r-R\ 

This charge density corresponds to the Uehling potential 0. For small distances, r -C Ac, expression \1'6\ can be 
transformed to 

2Za 



Qv P {r) 
1 



3?r 



{[ln(A c /r)-C-5/6)] g p (r) 



R 



dRg p (R)-l I™ dR^vW 
r Jo " 2 Jo r 

1 f 2r , g P (R)-g P (r) 1 

2 7 l^-H 



2./ 2r J?-rJ 



(14) 



Note that Eq. I|14|) is not singular at r = 0, all the divergent terms are canceled out. Outside of nucleus, at r ^> tq, 
Eq. (|13|l is equivalent to the well known formula for the induced charge density of a point- like nucleus 



Qv P (r) = - 



2Zam 2 
3n 2 r 



dx \J x 2 — 1 ( 1 + j ) exp(—2mrx) . 



At Ac > r > r it gives 



g 7r 2 r 3 



(15) 



(16) 



A direct numerical integration of (|13|l is straightforward. In Fig. [2] we show by solid line the vacuum polarization 
charge density g V p(r) for Pb. For comparison the dashed line presents the proton density jH} . We remind that g P {r) 
is normalized on unity, f drg p '~^ — 1 w " ~ — ; " iU ~ ~* j-t~~ 1~ — --uum polarization charge 
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FIG. 2: Solid line: the vacuum polarization charge density Q vp (r) for Pb in units 10 3 |e|//m 3 . Dashed line: the proton density 



Qp(r) in units 10 fm . The proton 



is normalized to unity. 



density is practically proportional to the proton density. With logarithmic accuracy this fact immediately follows 
from Eq. {T3j! 

Mr)~^l»(^W). ( 17 ) 



37r V ro 
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It is interesting that inside a sphere of radius 8 fm the vacuum polarization charge is rather big and equals to 0.47|e|. 
So one can say that the electric charge of the Pb nucleus is 82.47. Certainly the excess charge 0.47 is compensated 
by the negative charge -0.47 distributed between ro and Ac, see Eq. iflfill . Using Eqs. JT3}, (fT5|) and JBJ), it is 
easy to calculate the asymmetry Atot that account for the effect of vacuum polarization. One should replace g p (r) 
in (JSJ to g p (r) + -^Qvpir). Note that it is not necessary to account for the effect of vacuum polarization on gwi^) 
because the corresponding correction contains the additional suppression factor 1 — 4 sin 2 6w in the electron- .Z vector 
vertex in the electron loop. With account of the radiative correction the parity violating asymmetry is reduced, 
Apv ApvO- + A). Value of the vacuum polarization radiative correction A in per cent is plotted in Fig. Inversus 
the momentum transfer q. In the interesting range of momenta, q = 0.2 -r- 2/m _1 , the radiative correction is about 
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FIG. 3: The vacuum polarization radiative correction to the parity violation asymmetry (%) versus the momentum transfer. 



-1%. A similar value one can expect in the Born approximation. In this approximation only the denominator F p (q) 
in Eq.© is influenced by the correction. Therefore, due to (|I7|I the radiative correction is 



3vr 



ro 



-0.7% 



(18) 



We have considered the vacuum polarization correction to the parity violating asymmetry. There are also electron 
self-energy and vertex corrections corresponding to radiation and absorption of virtual photons, and to radiation of 
real photons. It is well known that these corrections to the scattering amplitude are very big due to double logarithms. 
For example the vertex correction to the Born scattering cross section is |16) 



exp 



2a , 
In ■ 

7T 



■4,-. 



(19) 



Here q is the momentum transfer, E and m are the electron energy and mass, respectively, and f2 is resolution with 
respect to bremsstrahlung. For conditions of proposal Q (E = 850MeV, q — 90MeV, fl = AMeV) the correction is 
-23% (!). However, in the Born approximation the vertex correction is canceled out in the parity violating asymmetry 
Apv ■ Certainly the Born approximation is not sufficient to describe electron scattering on Pb, and a calculation of 
the vertex correction to Apv in this case is an open and a very hard problem. 

Concluding we have calculated the effect of vacuum polarization on the parity violating asymmetry in the elastic 
electron-nucleus scattering. The vacuum polarization radiative correction is logarithmically enhanced and the value 
of the correction is about -1%. 
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